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Abstract
H-minimal Lagrangian submanifolds in general Ka¨hler manifolds gen-
eralize special Lagrangian submanifolds in Calabi-Yau manifolds. In this
paper we will use the deformation theory of H-minimal Lagrangian sub-
manifolds in Ka¨hler manifolds to construct minimal Lagrangian torus in
certain Ka¨hler-Einstein manifolds with negative first Chern class.
1 Introduction
Let L be a Lagrangian submanifold in a Ka¨hler manifold (X, g, ω). The second
fundamental form aijk is a symmetric 3-form on L. Let H denote the mean
curvature vector of L. Then the mean curvature 1-form α = ı(H)ω = aie
i,
where ai = aijkg
jk, is a 1-form on L.
Definition 1.1 A Lagrangian submanifold L ⊂ (X,ω) is called H-minimal
(Hamiltonian minimal) if the mean curvature form α satisfies d∗α = 0. L
is called L-minimal (Lagrangian minimal) if α is co-exact.
Proposition 1.1 An H-minimal (L-minimal) Lagrangian submanifold L ⊂ (X,ω)
is a critical point of the volume functional restricted to the space of Hamiltonian
(Lagrangian) deformations of L.
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Proof: Let Ft : L → X be a Lagrangian (Hamiltonian) deformation family of
Lagrangian submanifolds, F0 = id and Vt =
dFt
dt . Then it is straightforward to
derive that
d
dt
∣∣∣∣
t=0
VolF∗
t
g(L) = −
∫
L
g(H,V0)dVg|L = −
∫
L
g|L(α, β)dVg|L ,
where β = (ı(V0)ω)|L. According to this first variation formula, the desired
results are direct consequence of the fact that the deformation Ft being La-
grangian (Hamiltonian) implies that β is closed (exact).
H-minimal Lagrangian submanifold in Ka¨hler manifold was first investigated
by Oh in [8]. The H-minimal part of proposition 1.1 is essentially theorem 2.4
in [8], which was first observed by Weinstein according to Oh. The proof here
basicly follow the argument in [8]. In a recent work [12], Schoen and Wolfson
proved some important existence results for L-minimal Lagrangian surface in
Ka¨hler surface.
When the Ka¨hler metric g is Ka¨hler-Einstein, the mean curvature form α is
closed ([2, 1]). Namely, an H-minimal Lagrangian submanifold L in a Ka¨hler-
Einstein manifold (X,ω) has harmonic mean curvature form ([8]). If α is also
exact, then α = 0 and L is a minimal Lagrangian in (X,ω). In particular, if
(X,ω) is Calabi-Yau, then the mean curvature form of any Lagrangian submani-
fold in (X,ω) is exact. Consequently, a Lagrangian submanifold in a Calabi-Yau
manifold (X,ω) is H-minimal if and only if it is special. Therefore, H-minimal
Lagrangian, which makes sense for any Ka¨hler manifold, is both a generalization
of special Lagrangian in Calabi-Yau manifold ([5]) and minimal Lagrangian in
non-Calabi-Yau Ka¨hler-Einstein manifold ([1]).
Another important class of examples of H-minimal Lagrangian submanifolds
are the top dimensional real torus orbits in a toric variety under a toric metric.
The toric metric restricts to flat metric on such real torus orbit and the mean
curvature form is constant, therefore co-close and actually harmonic. (The spe-
cial cases of Cn with the flat metric and CPn with the Fubini-Study metric are
discussed in [8]).
Special Lagrangian in Calabi-Yau manifolds and minimal Lagrangian in Ka¨hler-
Einstein manifolds are generally difficult to construct. Besides the obvious dif-
ficulty with the minimal surface equation, an important reason is our lack of
understanding of the structure of Calabi-Yau metrics or more generally Ka¨hler-
Einstein metrics. In this work, we will develop methods to construct H-minimal
Lagrangian fibration (theorem 3.1) and minimal Lagrangian submanifold (theo-
rem 4.1) in Ka¨hler-Einstein manifold through deformation from the toric model
metric. This is made possible by H-minimal Lagrangian submanifolds, which
give us additional flexbility to deform through general Ka¨hler metrics that are
neither Ka¨hler-Einstein nor toric.
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In [9], we discussed the degeneration of Ka¨hler-Einstein metrics {gKEt } associ-
ated with a family of algebraic manifolds {Xt} that degenerate into the cen-
tral singular fibre X0 under the so-called simple toroidal canonical degener-
ation. We proved in theorem 1.1 of [9] that as t approaches 0, the Ka¨hler-
Einstein manifolds {(Xt, g
KE
t )} converge to the complete Ka¨hler-Einstein man-
ifold (X0 \Sing(X0), g
KE
0 ) in the sense of Cheeger-Gromov. X0 can be stratified
into union of smooth equi-singular components. Points in X0 that form the zero
dimensional strata of such stratification will be called maximal degeneracy
points of X0. Let O ∈ X0 be one of such maximal degeneracy point of X0.
The following theorem is the main application of our construction.
Theorem 4.2 Let O be a maximal degeneracy point in X0. Then there exists
a smooth family of minimal Lagrangian torus Lt ⊂ (Xt, ω
KE
t ) for t small that
approaches O when t approaches 0.
Deformation of H-minimal Lagrangian submanifolds in Ka¨hler manifolds and
its similarity to deformation of special Lagrangian submanifolds in Calabi-Yau
manifolds are discussed in section 2. In section 3, we construct H-minimal
Lagrangian torus fibration for bounded perturbation of certain toric Ka¨hler
manifold through deformation method. In section 4, applying results from sec-
tions 2 and 3, we construct the minimal Lagrangian torus vanishing cycles in
the toroidal degeneration family of Ka¨hler-Einstein manifolds with negative first
Chern class discussed in [9]. Idea from [10] is used in the construction to avoid
singular deformation. (We notice the interesting construction of minimal La-
grangian tori in toric Ka¨hler-Einstein manifolds with positive first Chern class
by E. Goldstein [3], which may be viewed, in certain sense, as a dual situation.)
2 Deformation of H-minimal Lagrangian in Ka¨hler
manifold
Let L be a Lagrangian submanifold in a Ka¨hler manifold (X, g, ω). For P ∈ L,
near P locally we may choose holomorphic coordinate z = x + iy such that
L = {y = 0}. Then gij¯ are real along L. By adjusting z by degree 2 polynomial
on z, we may assume that x is normal coordinate of L at P with respect to the
Riemannian metric g|L on L. We will call such coordinate z normal coordinate
at P for Lagrangian submanifold L in Ka¨hler manifold X . The computations
in this section are all carried out under certain normal coordinate.
Let ei =
∂
∂xi
, e˜i = ei˜ = en+i = Jei =
∂
∂yi
, and {ei = dxi, e˜
i = ei˜ = en+i =
−Jei = dyi} be the dual basis. Then the second fundamental form can be
expressed as aijk = (∇iej, Jek). It is straightforward to verify that at P ,
∇eiej = a
k
ij e˜k, ∇ei e˜j = −a
k
ijek, ∇e˜iej = −a
k
ijek.
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Consider a family {Lt} of Lagrangian submanifolds in (X,ω). We use the normal
deformation vector fields {Vt} for the family such that Vt is orthogonal to Lt.
Let βt = ı(Vt)ω. Then we have
Proposition 2.1
α˙ = dd∗β − ı(Vβ)Ric
X ,
where Vβ is the vector field satisfying g(Vβ ,W ) = β(W ).
Proof: It is straightforward to derive that
g˙ij = (Jβ)i,j + (Jβ)j,i.
Recall that
Γ˙kij =
1
2
gkl(g˙il,j + g˙jl,i − g˙ij,l).
Hence
Γ˙ijk = Γ˙
l
ijgkl = (Jβ)k,ij +R
l
jki(Jβ)l.
Here the notation of the curvature is fixed by
βk,ij − βk,ji = βlR
l
kij = −βl(R
l
ijk +R
l
jki).
a˙ijk = (∇˙iej , Jek) = −βk,ij +Rjl˜k˜iβ
l.
βXk,ij = β
L
k,ij − (aijla
ls
k + ajkla
ls
i )βs.
RX
jl˜k˜i
= −RXjlki − 4Re(R
X
jl¯ki¯).
(There is a sign difference between the Riemannian and the Ka¨hler curvature
tensors.) Notice that at P , gX
ij¯
= gLij . Consequently g
ij¯
X = g
ij
L . Hence
RX
jl˜k˜i
gikL = −4Re(R
X
jl¯ki¯)g
ik
L = −4Re(R
X
jl¯ki¯g
ki¯
X ) = −4Re(R
X
jl¯ ) = −R
X
jl .
βXk,ijg
ik
L = β
L
k,ijg
ik
L − 2ajkla
klsβs.
When restricted to L,
g˙ij = 2aijkβ
k, g˙ij = −2aijkβk.
a˙j = a˙ijkg
ik + aijk g˙
ik = −βk,ijg
ik −RXjlβ
l = (d∗β)j −R
X
jlβ
l.
Proposition 2.2
d
dt
(d∗α) = Dαβ = d
∗dd∗β − d∗(ı(Vβ)Ric
X)− Vα(g(α, β)) + 2(a
ijkajβk)i.
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Proof:
d∗α = −Tr(∇Vα).
d
dt
(d∗α) = −Tr(∇˙Vα)− Tr(∇Vα˙)− Tr(∇(g˙
ijajei)).
g˙ijaj = −2a
ijkajβk.
Tr(∇˙Vα) = a
iΓjij =
1
2
aigjkg˙jk,i = Vα(g(α, β)).
Combining these calculations, we get the desired formula.
Remark: Proposition 2.2 can also be derived from Oh’s second variation for-
mula (theorem 3.4 in [8]).
Clearly, Ker(Dα) represents the tangent space of the local deformation space
of H-minimal Lagrangian submanifolds. It is straightforward to see that Dα :
Ω1closed(L) → Ω
0
0(L) is an elliptic operator whose index equals to h
1(L) (the
first Betti number of L). Generically, when Dα is surjective, the deformation
space of H-minimal Lagrangian near L is smooth of dimension h1(L), which is
a complete analog to the case of special Lagrangian ([6]). On the other hand,
unlike the case of special Lagrangian, in general, the deformation of L could be
obstructed and local deformation space could be of higher dimension than h1(L)
in the case of H-minimal Lagrangian. A good example is the case of Riemann
sphere S2 with the standard round metric. H-minimal Lagrangians are exactly
round circles of constant mean curvature in S2 and minimal Lagrangians are
the great circles in S2. The dimensions of the moduli spaces of both are greater
than 1. The reason is that the round metric on S2 is a very special metric. A
choice of more generic metric on S2 like that of American football will result
in 1-parameter family of H-minimal Lagrangian circles genericly. In this paper,
we will not need to consider the non-generic situations.
3 H-minimal Lagrangian fibration
In this section, we will construct H-minimal Lagrangian torus fibration for
bounded perturbation of certain toric Ka¨hler manifold (considered in [9, 11])
through deformation method. One key idea that makes the deformation possi-
ble is that the bounded perturbation of the toric Ka¨hler metric we consider can
be reduced to a small perturbation of another toric Ka¨hler metric (proposition
3.1). We will start with the formulism in [11]. Let F : (C∗)n → Rn be defined as
x = F (z) = (log |z1|
2, · · · , log |zn|
2). Then for any bounded convex set ∆ ⊂ Rn,
one can define the generalized cylinder D∆ = F
−1(∆).
A convex polyhedron can be defined through an equivalence class (modulo linear
functions) of convex piecewise linear integral functions w on a lattice M that
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are compatible with a complete fan Σ in M . Let Σ(k) denote the set of k-
dimensional cones in Σ. Assume Σ is rational and simplicial. Then Σ(1) can
also be identified as a subset of M containing the primitive integral elements of
the corresponding 1-dimensional cones in Σ(1). We may write w = {wm}m∈Σ(1),
where wm is the value of w atm ∈ Σ(1). From these data, one may define convex
polyhedrons
∆τ = τ∆, ∆ = {x ∈ NR|〈m,x〉+ wm ≤ 0, for m ∈ Σ(1)}.
Let
ρτ (x) = ρ(x/τ)− n log τ
2, ρ(x) = −
∑
m∈Σ(1)
log (〈m,x〉+ wm)
2
.
ωτ = ∂∂¯ρτ (x) =
∑
m∈Σ(1)
∂qm∂¯qm
q2m
, where qm = wm +
1
τ
〈m,x〉
defines a complete toric Ka¨hler metric on the generalized cylinder D∆τ . ρ is
strictly convex. We fix the origin to be the unique critical point of ρ. Then
clearly the origin is also the unique critical point of ρτ for all τ . The only prop-
erties of ρτ we will need are the following
ρτ (x) = ρ(x/τ) + C(τ), lim
c→1
ρ|∆c = +∞. (3.1)
Let gˆτ = τ
2gτ , we have
Lemma 3.1 For any c ∈ (0, 1), gˆτ |F−1(x) is a flat metric with bounded geometry
for x ∈ ∆cτ . (The bound depends on c and is uniform on x ∈ ∆cτ .)
Proof: (3.1) implies that gˆτ |F−1(x) = gˆ1|F−1(x/τ). Namely, the lemma can be
reduced to the special case of τ = 1, which is quite obvious.
Lemma 3.2 Let (T, h) be a torus with flat metric h of bounded geometry. As-
sume that a function f on T is C∞-bounded with respect to hτ = τ
−2h and
satisfies
∫
T
fdVh = 0. Then for each positive integer n, there exists a constant
C(n) > 0 independent of τ such that |f | ≤ C(n)τ−n.
Proof: Since
∫
T
fdVh = 0, there exists θ0 ∈ T such that f(θ0) = 0. Hence
|f(θ)| = |f(θ)− f(θ0)| ≤ C|∇f |hτDiam(T, hτ ) ≤ Cτ
−1.
This estimate can also be rewritten as
|f | ≤ C
∣∣∣∣τ ∂f∂θ
∣∣∣∣ τ−1 ≤ Cτ−1.
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It is easy to observe that τ ∂f∂θ will satisfy all the assumptions for f in the lemma.
By induction, we get the conclusion of the lemma.
(Two quasi-isometric Ka¨hler forms ω and ω′ = ω + ∂∂¯f are called C∞-quasi-
isometric if f is C∞-bounded with respect to ω. Consequently, ω′ is a C∞-
bounded tensor with respect to ω.) Consider a family of Ka¨hler metrics ω′τ =
ωτ + ∂∂¯fτ . Let ωˆ
′
τ = τ
2ω′τ .
Proposition 3.1 Assume that ω′τ is C
∞-quasi-isometric to ωτ (uniform with
respect to τ). There exists a decomposition ωˆ′τ = ωˆ
0
τ + ωˆ
1
τ such that ωˆ
0
τ =
ωˆτ + τ
2∂∂¯f0τ is toric and ωˆ
1
τ = τ
2∂∂¯f1τ . For any c ∈ (0, 1), index set I and
positive integer n, there exists a constant C(n, c, I) > 0 independent of τ such
that |∇If
1
τ | ≤ C(n, c, I)τ
−n in D∆cτ with respect to ωˆτ .
Proof: There is a canonical decomposition fτ = f
0
τ + f
1
τ such that f
0
τ is con-
stant in each fibre F−1(x) and the integral of f1τ on each fibre F
−1(x) is zero.
In another word, f0τ is the average function of fτ along fibres of F . This gives
us the desired decomposition ωˆ′τ = ωˆ
0
τ + ωˆ
1
τ .
Lemma 3.1 implies that for any c ∈ (0, 1), F−1(x) is of bounded geometry with
respect to ωˆτ for x ∈ ∆cτ . (The bound depends on c.) Apply lemma 3.2 to
∇If
1
τ , we get the desired estimate.
Corollary 3.1 For any c ∈ (0, 1), index set I and positive integer n, there ex-
ists a constant C(n, c, I) > 0 independent of τ such that |∇If
1
τ | ≤ C(n, c, I)τ
−n
in D∆cτ with respect to ωτ . Consequently, if ω
′
τ is Ka¨hler-Einstein, then ω
0
τ is
Ka¨hler-Einstein up to O(1/τ)-perturbation.
Define a family of metric ωˆτ,s = ωˆ
0
τ + sτ
2∂∂¯f1τ . Then ωˆτ,0 = ωˆ
1
τ and ωˆτ,1 =
ωˆ′τ . Let V denote the Hamiltonian-gradient vector field (see [10] and references
therein) associated with the family {ωˆτ,s}s∈[0,1] of Ka¨hler metrics, and φs be
the corresponding Hamiltonian-gradient flow. Then φ∗sωˆτ,s = ωˆτ,0 = ωˆ
0
τ .
Lemma 3.3 V = −τ2∇τ,sf
1
τ (the gradient vector field of −τ
2f1τ with respect
the Ka¨hler metric gˆτ,s). For any c ∈ (0, 1), index set I and positive integer
n, there exist positive constants C(n, c, I), C′(n, c, I) independent of τ such that
|∇IV | ≤ C(n, c, I)τ
−n, |∇I(φ
∗
s gˆτ,s− gˆτ,0)| ≤ C
′(n, c, I)τ−n in D∆cτ with respect
to ωˆτ .
Proof: 2Re
(
∂
∂s
)
+ V is perpendicular to any vector field W on D∆cτ with
respect to the following Ka¨hler metric on (z, s)
ωˆ0τ + τ
2∂∂¯(Re(s)f1τ ) = ωˆτ,s +
τ2
2
(ds∂¯f1τ + ∂f
1
τ ds¯).
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Hence
gˆτ,s(V,W ) = −τ
2〈df1τ ,W 〉, V = −τ
2∇τ,sf
1
τ .
With this expression of V , the rest of the lemma is a consequence of corollary
3.1.
Let L0 = F
−1(x). Then φs(L0) is a Lagrangian torus with respect to ωˆτ,s.
Let (θ, y) be the toric Darboux coordinate with respect to the toric metric
ωˆ0τ such that y|L0 = 0. For a function h(θ) on L0, let L(h) be the graph of
y = dh(θ) in the symplectic neighborhood of L0. Φ(h, s) = d
∗αL(h) defines a
map Φ : B1 × R → B2, where B1 = C
4,α
0 (L0), B2 = C
α
0 (L0) and αL(h) is the
mean curvature form of L(h) under the Ka¨hler metric ωˆτ,s.
Lemma 3.4∥∥∥∥∂Φ∂h (h, s)−
∂Φ
∂h
(0, 0)
∥∥∥∥ = O(τ−1, |h|B1), ‖Φ(0, s)‖B2 = O(τ−1).
Proof: The estimates∥∥∥∥∂Φ∂h (h, s)−
∂Φ
∂h
(h, 0)
∥∥∥∥ = O(τ−1), ‖Φ(0, s)‖B2 = O(τ−1)
are easy consequences of lemma 3.3. The estimate
∥∥∥∥∂Φ∂h (h, 0)−
∂Φ
∂h
(0, 0)
∥∥∥∥ = O(|h|B1)
is straightforward to derive.
Lemma 3.5 ∥∥∥∥∥
(
∂Φ
∂h
)−1
(0, 0)
∥∥∥∥∥ ≤ C.
Proof:
∂Φ
∂h
(0, 0)δh = Dαdδh.
With respect to the rescaled metric |RicX | = O(1/τ2), |a| = O(1/τ) and |α| =
O(1/τ). Therefore
∂Φ
∂h
(0, 0)δh = ∆2δh+O(1/τ2).
Since ‖∆−2‖ ≤ C, for τ large, we have the desired estimate.
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Theorem 3.1 Assume the Ka¨hler potential ρτ of the toric Ka¨hler metric ωτ
satisfies (3.1) and the Ka¨hler metric ω′τ = ωτ + ∂∂¯fτ is C
∞-quasi-isometric to
ωτ (uniform with respect to τ). Fix c ∈ (0, 1), when τ is large enough, there exist
a smooth family of H-minimal Lagrangian torus fibration Fs over D∆cτ with
respect to the Ka¨hler form and metric (ωˆ0τ , φ
∗
s gˆτ,s). Fs are τ
−1-perturbations
of the toric fibration F0 = F . When x ∈ ∆cτ varies, φ1(F
−1
1 (x)) forms an
H-minimal Lagrangian torus fibration under the Ka¨hler form ω′τ .
Proof: Lemmas 3.4 and 3.5 enable us to apply the quantitative implicit func-
tion theorem (theorem 3.2 in [10]) to Φ. Consequently, there exist a constant C1
and a unique family {hs}s∈[0,1] such that h0 = 0, |hs|B1 ≤ C1 and L(hs) is an
H-minimal Lagrangian with respect to the Ka¨hler form and metric (ωˆ0τ , φ
∗
s gˆτ,s).
Further more, hs actually satisfies |hs|B1 = O(1/τ).
To show that L(hs) forms a fibration when L0 varies, notice that from the es-
timate |hs|B1 = O(1/τ), we have that L(hs) is an O(1/τ)-perturbation of L0.
Since L0 is toric, the metric on L0 is flat and the second fundamental form on
L0 is constant. According to proposition 2.2, the H-minimal Lagrangian de-
formation 1-forms are exactly the constant 1-forms on L0. Consequently, the
H-minimal Lagrangian deformation 1-forms on L(hs) are O(1/τ)-perturbations
of the constant 1-forms, therefore are non-vanishing anywhere. This implies
that L(hs) forms a fibration when L0 varies. We take this fibration to be Fs.
4 Minimal Lagrangian torus in Ka¨hler-Einstein
manifold
Lemma 4.1 The logrithm of the volume of F−1(x) under a toric Ka¨hler metric
ω forms a function u(x). If the Ricci curvature of ω is negative, then the x where
u(x) reaches minimal if exists will be unique.
Proof: The condition of the lemma implies that u is a strictly convex function
of x. Therefore, the minimal if exists will be unique.
We will call u(x) in lemma 4.1 the logrithm of the volume function under the
toric metric ω. Recall that ω′τ = ω
0
τ + ω
1
τ such that ω
0
τ = ωτ + ∂∂¯f
0
τ is toric.
Let u0τ denote the logrithm of the volume function under ω
0
τ . We have
Lemma 4.2 There exist c ∈ (0, 1) and a unique x0 ∈ ∆cτ so that u
0
τ reaches
the minimal at x0 and |u
0
τ (x)− u
0
τ (x0)| ≥ 1 for x ∈ ∂∆cτ .
Proof: (3.1) implies that for any C > 0 there exist c ∈ (0, 1) such that
|ρτ (x) − ρτ (0)| = |ρ(x/τ) − ρ(0)| ≥ C for x ∈ ∂∆cτ .
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The Ka¨hler potential of ω0τ is ρ
0
τ = ρτ+f
0
τ . Since f
0
τ is uniformly bounded, there
exists c ∈ (0, 1) such that |ρ0τ (x)− ρ
0
τ (0)| ≥ 2 for x ∈ ∂∆cτ . Since ω
0
τ is Ka¨hler-
Einstein up to O(1/τ)-perturbation according to corollary 3.1, ω0τ clearly has
negative Ricci curvature, also ρ0τ is a O(1/τ)-perturbation of the logrithm of the
volume function u0τ . When τ is large, |u
0
τ (x)−u
0
τ (0)| ≥ 1 for x ∈ ∂∆cτ . Lemma
4.1 implies that there exist unique x0 ∈ ∆cτ , where u
0
τ reaches the minimal and
|u0τ (x)− u
0
τ (x0)| ≥ 1 for x ∈ ∂∆cτ .
The moduli space of Lagrangian torus in a symplectic manifold modulo Hamil-
tonian equivalence locally around a Lagrangian torus L0 can be naturally iden-
tified with H1(L0). A Lagrangian torus fibration in a Ka¨hler manifold is called
closed if the mean curvature form of each Lagrangian torus fibre is a closed
1-form. A closed Lagrangian torus fibration near L0 naturally induces a map
Ψ : H1(L0)→ H
1(L0) defined as Ψ([L]) = [αL]. Proposition 2.1 implies that
Proposition 4.1 The tangent map dΨ : H1(L)→ H1(L) has the expression
dΨ([β]) = −[ı(Vβ)Ric
X ]
A Lagrangian torus fibration in a Ka¨hler-Einstein manifold is automatically
closed. Another important example of closed Lagrangian torus fibration is the
toric torus fibration under a toric Ka¨hler metric. Since ω0τ is toric, if ω
′
τ is
Ka¨hler-Einstein, the H-minimal Lagrangian fibrations F0 = F and F1 in theo-
rem 3.1 are both closed Lagrangian fibrations. They induce maps Ψ0 and Ψ1.
Theorem 4.1 Assume the Ka¨hler-Einstein metric ω′τ = ωτ + ∂∂¯fτ is C
∞-
quasi-isometric to ωτ (uniform with respect to τ) and the Ka¨hler potential ρτ
of the toric Ka¨hler metric ωτ satisfies (3.1). For suitable c ∈ (0, 1), when τ is
large enough, there exists a unique x1 ∈ ∆cτ so that φ1(F
−1
1 (x1)) is a minimal
Lagrangian torus under the Ka¨hler form ω′τ .
Proof: Proposition 4.1 and corollary 3.1 imply that dΨ1 = id, dΨ0 = id +
O(1/τ) and |Ψ1(L)−Ψ0(L)|gˆ0
τ
= O(1/τ), where L = F−10 (x) for some x ∈ ∆cτ .
(It is conceptually more clear to use the rescaled metric gˆ0τ , under which L is of
bounded geometry.) Since Ψ0(L0) = 0 for the fibre L0 = F
−1
0 (x0) with minimal
volume under ω0τ , there exist a unique L1 = F
−1
0 (x1) such that Ψ1([L1]) = 0
and |[L1] − [L0]|gˆ0
τ
= O(1/τ). Consequently, the mean curvature 1-form of
F−11 (x1) is closed, coclosed and exact, therefore vanishes. When τ is large,
|u0τ (x)− u
0
τ (x1)| ≥ 1−O(1/τ) > 0 for x ∈ ∂∆cτ . Namely x1 ∈ ∆cτ .
We are now ready to discuss the main application of our results as mentioned
in the introduction. We will follow the notations as in the introduction. Using
the Hamiltonian-gradient flow with respect to the parameter t, it is straightfor-
ward to show that the vanishing cycle in Xt that vanishes to O ∈ X0 when t
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approaches 0 can be represented by Lagrangian torus in Xt. We will show in
the following theorem that such vanishing cycle can actually be represented by
a minimal Lagrangian torus in (Xt, g
KE
t ). As in the construction of Lagrangian
representative, one may consider constructing the minimal Lagrangian repre-
sentitive of the vanishing cycles through deformation starting from O. Such
method will run into singular deformation problem that is usually very delicate
to handle if it is solvable at all. Instead, in our construction we will use an idea
similar to the key idea in [10], by constructing suitable local model (family of
model Ka¨hler manifolds), where the solution is clear, then deform to the actual
Ka¨hler-Einstein manifold (Xt, g
KE
t ) for fixed t(6= 0) small, therefore avoiding
the singular deformation problem.
Around a maximal degeneracy point O ∈ X0, the total space X is locally toric.
Xt locally is the image of the toric embedding {sm = e
τwm/2zm}m∈Σ(1), where
τ = − log |t|2. Under coordinate z, Xt locally near O can be identified with
F−1(∆τ ).
Proposition 4.2 For certain fixed µ > 0, in F−1(∆τ−µ), the Ka¨hler-Einstein
metric on Xt can be expressed as
ωKEt = ∂∂¯ρ
KE
τ , ρ
KE
τ = b
0 + b1 −
∑
m∈Σ(1)
log (τqm + bm)
2
,
where b0 and bm for m ∈ Σ(1) are C
∞-bounded functions of {sm}m∈Σ(1), and
b1 is a C∞-bounded function with respect to ωτ = ∂∂¯ρτ .
Proof: In this proof, we will use notations from [9]. Definition of ‖sIm‖m in
section 2 of [9] implies that for certain fixed µ > 0, in F−1(∆τ−µ), log ‖s
I
m‖m =
τqm + bm, where bm for m ∈ Σ(1) are C
∞-bounded functions of {sm}m∈Σ(1).
Formula (3.1) of [9] implies that the Ka¨hler potential b0 of ωˆt can be made a
C∞-bounded function of {sm}m∈Σ(1). Definition of the approximate metric ωt
in section 4 of [9] implies that b0−
∑
m∈Σ(1)
log (τqm + bm)
2 is a Ka¨hler potential
of ωt. Assume the Ka¨hler-Einstein metric ω
KE
t = ωt + ∂∂¯b
1. The Monge-
Ampe`re estimate of the Ka¨hler-Einstein metric ([13]) together with the estimate
in proposition 4.6 of [9] imply that b1 is a C∞-bounded function with respect
to ωτ = ∂∂¯ρτ .
Theorem 4.2 Let O be a maximal degeneracy point in X0. Then there exists
a smooth family of minimal Lagrangian torus Lt ⊂ (Xt, ω
KE
t ) for t small that
approaches O when t approaches 0.
Proof: On Xt, apply proposition 4.2, we have
ρKEτ = ρτ + fτ , fτ = b
0 + b1 −
∑
m∈Σ(1)
log
(
1 +
bm
τqm
)2
.
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Since µ is fixed, for a fixed c ∈ (0, 1), when τ is large enough, we have ∆cτ ⊂
∆τ−µ. In F
−1(∆cτ ), |sm|
2 ≤ e−(1−c)τ and | log |sm|
2| ≥ (1 − c)τ . A proper
basis (as defined in the proof of proposition 4.5 of [9]) for ωτ in F
−1(∆cτ ) is{
τzi
∂
∂zi
}n
i=1
. Since
τzi
∂sm
∂zi
= τmism = O(τe
−(1−c)τ/2),
1
qm
= O (1) , τzi
∂
∂zi
(
1
qm
)
= −
mi
q2m
= O (1) .
When τ is large, sm and
1
qm
for m ∈ Σ(1) are C∞-bounded functions in
F−1(∆cτ ) with respect to ωτ . Therefore, b
0 and bm for m ∈ Σ(1), which are
C∞-bounded functions of {sm}m∈Σ(1) according to proposition 4.2, are C
∞-
bounded functions in F−1(∆cτ ) with respect to ωτ . Consequently, fτ , which
is a function of b0, b1,
1
qm
and bm for m ∈ Σ(1), is a C
∞-bounded function in
F−1(∆cτ ) with respect to ωτ . (Notice that the bounds of fτ is independent of c
and τ as long as τ is taken to be suitably large according to c.) Apply theorem
3.1 and theorem 4.1, we get the desired minimal Lagrangian torus Lt ⊂ Xt for
t small.
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